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Abstract
We derive exact solutions of the Einstein equations in the context of the Randall-
Sundrum model with matter on the brane and in the bulk. We present two models
in which the brane moves within a time-dependent bulk. We study the cosmological
evolution on the brane. Our solutions display novel behaviour, such as an expansion
driven only by the bulk matter and the appearance of a “mirage” dust component
on the brane.
1
1 Introduction
The Randall-Sundrum model [1] provides the necessary framework in which a consistent
Friedmann-Robertson-Walker cosmology can emerge in a space-time with more than three
spatial dimensions [2, 3, 4]. The Universe is identified with a four-dimensional hypersur-
face (a 3-brane) in a five-dimensional bulk with negative cosmological constant (AdS
space). The geometry is non-trivial (warped) along the fourth spatial dimension, so that
an effective localization of low-energy gravity takes place near the brane. The matter is
assumed to be concentrated only on the brane. For low matter densities the cosmological
evolution on the brane becomes identical to the standard Friedmann-Robertson-Walker
cosmology. Several aspects of the cosmological evolution have been the subject of a large
number of studies. (For recent reviews, with extensive lists of references, see ref. [5].)
If the bulk contains some matter component in addition to the negative cosmological
constant the brane evolution is modified. For example, it is possible to have energy
exchange between the brane and the bulk. Also the presence of a fluid in the bulk can
alter the expansion on the brane. For an observer on the brane the modification can be
attributed to “mirage” matter components [5]–[8]. In the presence of bulk matter, the
cosmological evolution on the brane is not autonomous, and the explicit knowledge of the
bulk energy-momentum tensor is necessary. As a result, certain assumptions often need
to be made for its form [9]–[10]. Previous studies have considered a bulk field [11], or
radiation emitted by the brane into the bulk [12]. Also an attempt has been made to
incorporate thermal effects in the bulk [13, 14].
In the case of an empty bulk, the brane evolution can be discussed either in a coordinate
system (system A) in which the brane is located at a fixed value of the fourth spatial
coordinate and the bulk is time-dependent [2, 3], or in a different coordinate system
(system B) in which the bulk is static and the brane is moving [4]. In the latter case,
the bulk metric is five-dimensional Schwarzschild-AdS [15]. The two points of view are
equivalent [16].
In ref. [17] the interpolation between the two coordinate systems was employed in
order to construct a new example of brane evolution in a bulk that contains an ideal fluid.
The bulk was assumed to be static in the coordinate system B. A solution was found that
is the generalization in an AdS background of the well known solutions for the interior
of stellar objects. In the coordinate system A the cosmological evolution on the brane is
affected by “mirage” components arising from the presence of the bulk fluid. Moreover,
there is energy exchange between the bulk and the brane.
In this work we present two different examples of brane evolution. The new ingredient
is that the bulk is time-dependent even in the coordinate system B. The brane evolution
displays new features, such as an expansion driven by the bulk instead of the brane matter,
or a “mirage” component that has the equation of state of dust.
We consider an action of the form
S =
∫
d5x
√−g
(
M3R + Λ + LmatB
)
+
∫
d4x
√−γ
(
−V + Lmatb
)
, (1.1)
where R is the curvature scalar of the five-dimensional metric gAB, A, B = 0, 1, 2, 3, 4, −Λ
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the bulk cosmological constant (Λ > 0), γab, a, b = 0, 1, 2, 3, the induced metric on the
3-brane, and V the brane tension. In our discussion of the bulk metric we shall describe
the bulk matter in terms of the energy-momentum tensor TAB of a fluid. The brane
matter will be described in a similar way. Energy flow can appear along the fourth spatial
dimension, described by the off-diagonal element T 04. The presence of a flow requires an
appropriate interaction between the brane and bulk matter. We implicitly assume that
the Lagrangian Lmatb contains the necessary terms for the energy exchange between the
bulk and the brane that is consistent with the form of T 04 in our solutions.
2 Model I
2.1 The bulk
We assume that the metric in the bulk can be put in the form
ds2 = −n2(r)dt2 + c2(t)r2dΩ2k + b2(r)dr2, (2.1)
where dΩ2k is the metric in a maximally symmetric three-dimensional space. We use
k = −1, 0, 1 to parametrize the spatial curvature. The non-zero components of the five-
dimensional Einstein tensor are
G 00 =
3
b2
1
r
(
1
r
− b,r
b
)
− 3
n2
(
c,t
c
)2
− 3k
c2r2
(2.2)
G ij =
1
b2
[
1
r
(
1
r
+ 2
n,r
n
)
− b,r
b
(
n,r
n
+ 2
1
r
)
+
n,rr
n
]
− 1
n2
[(
c,t
c
)2
+ 2
c,tt
c
]
− k
c2r2
(2.3)
G 44 =
3
b2
1
r
(
1
r
+
n,r
n
)
− 3
n2
[(
c,t
c
)2
+
c,tt
c
]
− 3k
c2r2
, (2.4)
G 04 = −
3
n2
(
n,r
n
c,t
c
− 1
r
c,t
c
)
(2.5)
where the subscripts indicate derivatives with respect to r and t.
The Einstein equations take the usual form
GAB =
1
2M3
TAB , (2.6)
where TAB denotes the total energy-momentum tensor. Assuming a negative cosmological
constant −Λ and an anisotropic perfect fluid in the bulk, we write the bulk energy-
momentum tensor as
TAB = diag(Λ− ρ,Λ + p,Λ+ p,Λ + p,Λ+ p). (2.7)
We look for solutions that satisfy the ansatz
n2(r) =
1
b2(r)
=
1
12M3
Λr2. (2.8)
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The Einstein equations (2.2)–(2.4) become
(
c,t
c
)2
=
1
6M3
ρ¯(t)− k¯
c2
(2.9)
(
c,t
c
)2
+ 2
c,tt
c
= − 1
2M3
p¯(t)− k¯
c2
(2.10)
(
c,t
c
)2
+
c,tt
c
= − 1
6M3
p¯(t)− k¯
c2
, (2.11)
where k¯ = Λk/(12M3). We have assumed that the matter distribution has the form
ρ(t, r) =
ρ¯(t)
n2
=
12M3
Λ
1
r2
ρ¯(t), (2.12)
and similarly for p(t, r) and p(t, r). Eqs. (2.10), (2.11) can be replaced by
ρ¯,t + 3
c,t
c
(ρ¯+ p¯) = 0 (2.13)
2p− 3p+ ρ = 0. (2.14)
These equations could have been obtained from the conservation of the energy-momentum
tensor. The most natural way to satisfy eq. (2.14) is to assume that the bulk fluid is
anisotropic with an equation of state defined through p = wρ, p = wρ, with
2w − 3w + 1 = 0. (2.15)
As a result, the evolution in the bulk is described by eqs. (2.9), (2.13), that have a form
identical to that for the standard Friedmann-Robertson-Walker Universe.
2.2 The brane
For the discussion of the cosmological evolution on the brane we follow ref. [4]. First we
consider a coordinate system (using Gaussian normal coordinates) in which the metric
takes the form
ds2 = γabdx
adxb + dη2 = −m2(τ, η)dτ 2 + a2(τ, η)dΩ2k + dη2. (2.16)
The brane is located at η = 0. In order to keep our discussion simple we identify the
half-space η > 0 with the half-space η < 0, in complete analogy to ref. [1]. We also
redefine the time, so as to set m(τ, η = 0) = 1.
Through an appropriate coordinate transformation
t = t(τ, η), r = r(τ, η) (2.17)
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the metric (2.1) can be written in the form of eq. (2.16). It is obvious that a(τ, η) = c(t) r.
Identification of the metrics (2.1) and (2.16) requires
b2(r)
(
∂r
∂τ
)2
− n2(r)
(
∂t
∂τ
)2
= −m2(τ, η) (2.18)
b2(r)
(
∂r
∂η
)2
− n2(r)
(
∂t
∂η
)2
= 1 (2.19)
b2(r)
∂r
∂τ
∂r
∂η
− n2(r) ∂t
∂τ
∂t
∂η
= 0. (2.20)
We define R(τ) = r(τ, η = 0). In the system of coordinates (t, r) of eq. (2.1) the brane
is moving, as it is located at r = R(τ). At the location of the brane, we find
∂t
∂τ
=
1
n(R)
[
b2(R)R˙2 + 1
]1/2
(2.21)
∂t
∂η
= − b(R)
n(R)
R˙ (2.22)
∂r
∂τ
= R˙ (2.23)
∂r
∂η
= − 1
b(R)
[
b2(R)R˙2 + 1
]1/2
, (2.24)
where the dot denotes a derivative with respect to proper time. The negative sign in the
r.h.s. of eq. (2.24) is a consequence of our assumption that r decreases on both sides of
the brane [4].
It is possible now to rewrite eqs. (2.9), (2.13) at the location of the brane using
proper-time derivatives. We find
(
c˙
c
)2
=
(
1
6M3
ρ− k
c2R2
)
1 + 12M3
Λ
(
R˙
R
)2 (2.25)
˙¯ρ+ 3
c˙
c
(ρ¯+ p¯) = 0. (2.26)
We have denoted
c(τ) = c
(
t(τ, η = 0)
)
(2.27)
ρ(τ) =
12M3
Λ
1
R2(τ)
ρ¯(τ) =
12M3
Λ
1
R2(τ)
ρ¯
(
t(τ, η = 0)
)
, (2.28)
in agreement with eq. (2.12). Similar notation will be used for p and p in the following.
We can rewrite eq. (2.26) as
ρ˙+ 2
R˙
R
ρ+
c˙
c
(ρ+ p) = 0. (2.29)
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It is straightforward to express the bulk energy-momentum tensor at the location of
the brane in the coordinate system (τ, η). We find
T 00 = Λ− ρ− b2(R)R˙2(ρ+ p) = Λ− ρ−
6M3
Λ
(
R˙
R
)2
(ρ+ 3p) (2.30)
T 11 = T
2
2 = T
3
3 = Λ + p (2.31)
T 44 = Λ+ p + b
2(R)R˙2(ρ+ p) = Λ +
1
2
(3p− ρ) + 6M
3
Λ
(
R˙
R
)2
(ρ+ 3p) (2.32)
T 04 = b(R)R˙
(
b2(R)R˙2 + 1
)1/2
(ρ+ p)
=
(
3M3
Λ
)1/2
R˙
R

1 + 12M3
Λ
(
R˙
R
)2
1/2
(ρ+ 3p), (2.33)
where we have made use of eq. (2.14).
The equations governing the cosmological evolution on the brane can be obtained in
various ways. The most straightforward is to write the Einstein equations in the system
(τ, η), assuming that the brane energy-momentum tensor has the form
T˜AB = δ(η) diag(V − ρ˜, V + p, V + p˜, V + p˜, 0), (2.34)
with V the brane tension and ρ˜, p˜ the energy density and pressure of a perfect fluid
localized on the brane. The details of the calculation can be found in refs. [5]–[10] and
will not be repeated here. The evolution on the brane is governed by the equations
˙˜ρ+ 3H(ρ˜+ p˜) = −2T 04 (2.35)
H2 =
(
a˙0
a0
)2
=
(
R˙
R
+
c˙
c
)2
=
1
144M6
(
ρ˜2 + 2V ρ˜
)
− k
a20
+ χ+ φ+ λ (2.36)
χ˙+ 4Hχ =
1
36M6
(ρ˜+ V )T 04 (2.37)
φ˙+ 4Hφ = − 1
3M3
H
(
T 44 − Λ
)
, (2.38)
with a0(τ) = a(τ, η = 0) = c(τ)R(τ). Here λ = (V
2/12M3 − Λ)/12M3 is the effective
cosmological constant, and T 44, T
0
4 are given by eqs. (2.32), (2.33).
For the particular form of the energy-momentum tensor that we are considering, it is
possible to show that
χ+ φ =
2
Λ
ρ¯
R2
(2.39)
satisfies eqs. (2.37), (2.38). This permits us to write eq. (2.36) in the form
H2 =
(
a˙0
a0
)2
=
(
R˙
R
+
c˙
c
)2
=
1
144M6
(
ρ˜2 + 2V ρ˜
)
+
1
6M3
ρ− k
a20
+ λ, (2.40)
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with ρ given by eq. (2.28).
An alternative way to derive eq. (2.40) is by considering the junction conditions for
the boundary defined by the brane motion. In the coordinates (τ, η) of eq. (2.16) the
extrinsic curvature of the boundary is
Kab =
1
2
∂ηγab. (2.41)
The junction conditions are [18]
∆Kab = K
+
ab −K−ab = −
1
2M3
(
Tab − 1
3
T ccγab
)
, (2.42)
where ± denote the two sides of the brane, and the energy-momentum tensor is given by
eq. (2.34) neglecting the δ-function. The junction condition for the spatial components
leads to
±
(
1
6M3
ρ− k
c2R2
)1/2 (
12M3
Λ
)1/2
R˙
R
+

 Λ
12M3
+
(
R˙
R
)2
1/2
=
1
12M3
(ρ˜+ V ). (2.43)
The sign of the first term depends on whether c is an increasing or decreasing function of
τ . If we solve the above equation for R˙/R and eq. (2.25) for c˙/c, we recover eq. (2.40).
We can also use eq. (2.25) to rewrite eq. (2.43) as
H
R˙
R
=
1
12M3
(ρ˜+ V )

 Λ
12M3
+
(
R˙
R
)2
1/2
− Λ
12M3
. (2.44)
We are interested in scenaria in which the effective cosmological constant λ is set to zero.
This requires the fine-tuning V 2/(12M3) = Λ. In this case and for ρ˜, V > 0, it is clear
from the above expression that HR˙/R > 0. For an expanding brane Universe with H > 0,
and an equation of state of the bulk matter with w > −1/3, w > −1, we conclude from
eq. (2.33) that there can be only energy outflow.
2.3 The cosmological evolution
The cosmological evolution on the brane is described by eqs. (2.25), (2.29), (2.33), (2.35),
(2.40), while eq. (2.43) or (2.44) can replace one of eqs. (2.25), (2.40).
The effective Friedmann equation (2.40) for the expansion on the brane has several
terms: The effective cosmological constant λ leads to exponential expansion. In order to
get conventional cosmology we have to set it to zero through the appropriate fine-tuning
of the bulk cosmogical constant and the brane tension: V 2 = 12M3Λ. The curvature
term has the standard form. The brane matter induces a term ∼ ρ˜2, characteristic of
the unconventional early cosmology of the Randall-Sundrum model [2]. At low energy
densities ρ˜ ≪ V , the standard contribution ∼ ρ˜ to the Hubble parameter dominates.
The effective Planck constant is M2Pl = 12M
6/V .
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The bulk matter induces a term linear in the bulk energy density ρ. This bears no
resemble to the “mirage”, or “Weyl”, or “dark” radiation term [5, 6, 8, 7, 12] and its
variations [17]. The reason is that the bulk solution of section 2 has been constructed in a
way that the bulk matter results in an expansion along the three spatial dimensions along
the brane, instead of the modification of the warping along the fourth spatial dimension.
Both the bulk and matter energy densities have unconventional scaling during the
expansion. The bulk energy density ρ obeys eq. (2.29). It does not scale with a given
power of a0. Instead it falls off as R
−2c−3(1+w) = R1+3wa
−3(1+w)
0 . The brane energy density
is diluted by the expansion, but is also reduced through the outflow from both sides of the
brane. This implies that the energy density of the various components of brane matter
(dust, radiation etc) does not scale as function of R with the “naive” power a
−3(1+w˜)
0 .
The outflow makes the reduction faster. The rate of energy loss, given by eq. (2.33), is
fixed by the static solution for the bulk that we assumed in section 2. For an expanding
brane Universe that obeys eq. (2.44), this solution is consistent only with HR˙/R > 0,
and therefore energy loss by the brane, according to eq. (2.33).
Generically, the contribution of the bulk energy density ρ to the expansion becomes
dominant over that of the brane energy density ρ˜ at late times. The reason is the en-
hancement factor R1+3w that multiplies the conventional scaling a
−3(1+w)
0 of ρ. Moreover,
the brane energy density is reduced faster than the conventional scaling a
−3(1+w˜)
0 because
of the outflow. As T 04 is proportional to ρ in our model, we find that generically ρ˜ be-
comes zero at a finite time. Beyond this point the consistent solution is ρ˜ = 0, R˙/R = 0,
H = c˙/c. The cosmological expansion on the brane is driven only by the bulk energy den-
sity. The brane remains stationary at a certain point along the fourth spatial dimension
r = R(τ) =constant.
An interesting feature concerns the possibility of having periods of accelerated expan-
sion during the evolution. If the bulk energy density is assumed to dominate the expansion
in eq. (2.40), the acceleration parameter can be calculated to be
Q =
1
H2
a¨0
a0
= − 1
H
c˙
c
1 + 3w
2
. (2.45)
In models with c˙/c < 0, H > 0, we expect acceleration during this era. As we mentioned
above, the brane energy density approaches zero shortly after the point that the bulk
energy density dominates the expansion. As a result H = R˙/R + c˙/c first becomes zero
and subsequently negative following c˙/c. This indicates that the periods of accelerated
expansion do not last long.
As a final remark we point out that the anisotropic bulk fluid that satisfies eq. (2.15)
can have a simple physical interpretation. For example, we could have w = 1/3, w= 0.
The fluid behaves as radiation in the directions parallel to the brane, but is pressureless
along the fourth spatial dimension.
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3 Model II
3.1 The bulk
We consider a bulk metric of the form
ds2 = −n2(u, r) du2 + 2ǫ du dr + r2dΩ2k, (3.1)
where
n2(u, r) =
1
12M3
Λr2 + k − 1
6π2M3
M(u, r)
r3
(3.2)
and dΩ2k is the metric in a maximally symmetric three-dimensional space (k = −1, 0, 1).
This is a generalized Vaidya metric [19], similar to those used in the discussion of the
radiation of bulk gravitons by the brane [7, 12, 13]. The parameter ǫ takes the values
ǫ = ±1. In studies of graviton emission it is usually assumed thatM =M(u) and ǫ = 1.
Our discussion is more general, as it allows for an additional dependence of M on r. It
can also account for energy absorption by the brane when ǫ = −1.
The energy-momentum tensor that satisfies the Einstein equations is
T 00 = T
4
4 = Λ−
1
2π2
M,r
r3
(3.3)
T 11 = T
2
2 = T
3
3 = Λ−
1
6π2
M,rr
r2
(3.4)
T 04 =
1
2π2
M,u
r3
, (3.5)
where the subscripts indicate derivatives with respect to r and u. The matter component
that is added to the cosmological constant satisfies the various energy conditions if one
requires that ǫM,u ≥ 0,M,r ≥ 0,M,rr ≤ 0,M,r ≥ −rM,rr/3 [19].
3.2 The brane
For the discussion of the cosmological evolution on the brane we proceed similarly to the
previous section. We consider a coordinate system in which the metric takes the form
ds2 = γabdx
adxb + dη2 = −m2(τ, η)dτ 2 + a2(τ, η)dΩ2k + dη2. (3.6)
The brane is located at η = 0, while we identify the half-space η > 0 with the half-space
η < 0. We also redefine the time, so as to set m(τ, η = 0) = 1.
Through an appropriate coordinate transformation
u = u(τ, η), r = r(τ, η) (3.7)
the metric (3.1) can be written in the form of eq. (3.6). It is obvious that a(τ, η) = r.
Identification of the metrics (3.1) and (3.6) requires
−n2(u, r)
(
∂u
∂τ
)2
+ 2ǫ
∂u
∂τ
∂r
∂τ
= −m2(τ, η) (3.8)
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−n2(u, r)
(
∂u
∂η
)2
+ 2ǫ
∂u
∂η
∂r
∂η
= 1 (3.9)
−n2(u, r) ∂u
∂τ
∂u
∂η
+ ǫ
∂u
∂τ
∂r
∂η
+ ǫ
∂u
∂η
∂r
∂τ
= 0. (3.10)
We define R(τ) = r(τ, η = 0). In the system of coordinates (u, r) of eq. (3.1) the
brane is moving, as it is located at r = R(τ). At the location of the brane, we find
∂u
∂τ
=
1
n2(τ, R)
(
ǫR˙ − δ
√
R˙2 + n2(τ, R)
)
(3.11)
∂u
∂η
= −θ
(
ǫR˙ + δ
√
R˙2 + n2(τ, R)
)
−1
(3.12)
∂r
∂τ
= R˙ (3.13)
∂r
∂η
= −θδǫ
√
R˙2 + n2(τ, R) (3.14)
where the dot denotes a derivative with respect to proper time and the parameters ǫ, θ,
δ can be taken independently ±1. We have also defined
n2(τ, R) = n2(u(τ, η = 0), R) =
1
12M3
ΛR2 + k − 1
6π2M3
M(τ, R)
R3
(3.15)
and denotedM(τ, R) ≡M(u(τ, η = 0), R).
The values of the parameters ǫ, θ, δ are constrained by various physical considerations.
It is convenient to choose ∂u/∂τ > 0. The opposite choice corresponds to the reverse
evolution, essentially exchanging energy ouflow with influx. The requirement ǫM,u ≥ 0,
imposed by the energy conditions, indicates that we must associate ǫ = 1 with energy
outflow (for which M˙ ≡ ∂M(τ, R)/∂τ > 0) and ǫ = −1 with energy influx (for which
M˙ < 0). Finally we must demand that θδǫ = 1, so that ∂r/∂η < 0 [4]. This requirement
guarantees that the brane energy density is positive [2, 5, 8]. For an expanding brane,
outside the horizon of the bulk metric (n2 > 0), the above requirements are satisfied for
δ = −1, θ = −ǫ.
It is straightforward to express the bulk energy-momentum tensor at the location of
the brane in the coordinate system (τ, η). We find
T 00 = Λ−
1
2π2
M′
R3
+
1
R˙ − ǫ
√
R˙2 + n2
1
2π2
M˙
R3
(3.16)
T 11 = T
2
2 = T
3
3 = Λ−
1
6π2
M′′
R2
(3.17)
T 44 = Λ−
1
2π2
M′
R3
− 1
R˙− ǫ
√
R˙2 + n2
1
2π2
M˙
R3
(3.18)
T 04 =
1
−ǫR˙ +
√
R˙2 + n2
1
2π2
M˙
R3
, (3.19)
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where we have made use of δ = −1, θ = −ǫ. A dot denotes a partial derivative with
respect to proper time τ , while a prime a partial derivative with respect to R.
The equations governing the cosmological evolution on the brane can be obtained as
before. We assume that the brane energy-momentum tensor has the form of eq. (2.34).
The evolution on the brane is governed by the equations (2.35), (2.37), (2.38) and
H2 =
(
R˙
R
)2
=
1
144M6
(
ρ˜2 + 2V ρ˜
)
+ χ + φ+ λ, (3.20)
with λ = (V 2/12M3 − Λ)/12M3.
For the particular form of the energy-momentum tensor that we are considering, it is
possible to show that
χ+ φ =
1
6π2M3
M(τ, R)
R4
(3.21)
satisfies eqs. (2.37), (2.38). This permits us to write eqs. (3.20), (2.35) in the form
H2 =
1
144M6
ρ˜2 +
1
6M2Pl
ρ˜+
1
6π2M3
M
R4
− k
R2
+ λ (3.22)
˙˜ρ+ 3H(ρ˜+ p˜) = −12M
3
π2V
M˙
R4
1
1− ǫ12M3H
V
+ ρ˜
V
(3.23)
with M2Pl = 12M
6/V .
An alternative way to derive eq. (3.22) is by considering the junction conditions for
the boundary defined by the brane motion. This procedure has been followed in refs.
[12, 13] for ǫ = 1, with a result in agreement with eq. (3.22).
3.3 The cosmological evolution
The cosmological evolution on the brane is described by eqs. (3.22), (3.23). The function
M(τ, R) is required by the various energy conditions to satisfy ǫM˙ ≥ 0,M′ ≥ 0,M′′ ≤ 0,
M′ ≥ −RM′′/3. We recognize the effective cosmological constant and curvature terms,
as well as the linear and quadratic contributions from the brane energy density. There is
also a generalization of the “mirage” radiation term withM→M(τ, R).
These equations with ǫ = 1 have been used in the study of energy outflow from
the brane through the emission of bulk gravitons [7, 12]. The cross-section for bulk
graviton production in collisions of brane particles was calculated and the energy loss
was determined using the Boltzmann equation. An expression for M˙ was obtained by
identifying the r.h.s. of eq. (3.23) with the computed energy loss, under the assumption
M = M(τ). It is possible, however, that the form of the bulk metric has a non-trivial
dependence on R, associated with the presence of a bulk fluid. It is also possible that
energy can be deposited on the brane, so that the choice ǫ = −1 must be made.
In the low-energy regime the last factor in the r.h.s. of eq. (3.23) becomes 1, so that
the same equations describe energy outflow or influx, depending on the sign of M˙. For
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M =M(τ) we can put eqs. (3.22), (3.23) in the form
H2 =
1
6M2Pl
(ρ˜+ ρ˜r)−
k
R2
+ λ (3.24)
˙˜ρ+ 3H(ρ˜+ p˜) = −( ˙˜ρr + 4Hρ˜r), (3.25)
with ρ˜r = 12M
3M(τ)/(π2V R4). These equations describe an expanding Universe in
which brane matter can be transformed to “mirage” radiation, or the opposite, while the
total energy is conserved. In the high-energy regime the two possible values of ǫ result in
different forms of eq. (3.23).
We can also allow for a non-trivial dependence of M on R. As a simple example,
we can write M = ζ γ(τ)Rn with ζ = ±1, n integer, and γ(τ) a positive-definite func-
tion. The various energy conditions constrain the possible values of n and ζ . Apart
from the case (n, ζ) = (1, 1) that we discussed above, we have the possibilites (n, ζ) =
(1, 1), (−1,−1), (−2,−1).
In the low-energy regime, the first case results in
H2 =
1
6M2Pl
(ρ˜+ ρ˜m)−
k
R2
+ λ (3.26)
˙˜ρ+ 3H(ρ˜+ p˜) = −( ˙˜ρm + 3Hρ˜m), (3.27)
with ρ˜m = 12M
3γ(τ)/(π2V R3). These equations describe the transformation of brane
matter to “mirage” dust, or the opposite, in an expanding Universe. The bulk fluid
that is associated with the necessary energy-momentum tensor for such a solution may
seem exotic, but can have a straightforward physical interpretation. As an example, let
us assume that γ is constant so that there is no energy exchange between the brane
and the bulk (T 04 = 0). In both coordinate systems (u, r) and (τ, η) the bulk contains,
apart from the negative cosmological constant, an anisotropic perfect fluid with TAB =
diag(−ρ, p, p, p, p) and p = 0, p = −ρ. An analogous energy-momentum tensor in four
dimensions is related to the gravitational field of a monopole [19, 20].
The other two possibilities with (n, ζ) = (−1,−1), (−2,−1) result in a negative con-
tribution to the r.h.s. of eq. (3.22). For constant γ a linear combination of the second
one and a component with (n, ζ) = (1, 1) corresponds to a Reissner-Nordstrom-AdS bulk
space. In both cases the presence of the bulk influences substantially only the early-time
cosmological evolution on the brane (small R).
4 Conclusions
The main purpose of this work has been to derive exact solutions of the Einstein equations
for the bulk-brane system in order to explore the new physical behaviour that could
possibly appear. The emphasis has been put on making appropriate assumptions for the
form of the bulk and brane matter that could lead to an exact solution. This paper is
a continuation of ref. [17], allowing for a time-dependent bulk within which the brane
motion takes place.
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In the first model that we discussed the bulk energy is distributed over the whole range
of a static fourth spatial dimension. It induces an expansion along the other three spatial
dimensions. When a brane is embedded in this background, the cosmological evolution
seen by a brane observer results from a combination of the expansion of the background
and the expansion induced through the brane motion. There is also energy exchange
between the brane and the bulk. An expanding brane Universe is consistent only with
energy outflow, while a contracting one with influx. The effective Friedmann equation
for the brane expansion includes terms proportional to the bulk and the brane energy
density. During an era of expansion the brane energy density is diluted because of the
increase of the scale factor and the outflow. As a result, after a certain time the rate of
expansion is completely dominated by the bulk energy density. This model also allows
for periods of accelerated expansion. These are short and are expected to be followed by
periods of contraction.
In the second model we considered a bulk with a generalized Vaidya metric [19],
describing energy flow along the fourth spatial dimension. A particular form of this
metric has been employed in the past for the discussion of energy outflow from the brane
through the emission of bulk gravitons [7, 12]. When the brane is embedded in the
generalized Vaidya bulk, the effective Friedmann equation for the expansion seen by a
brane observer includes a contribution from a “mirage” matter component. Moreover,
the brane energy density can be transformed to “mirage” energy density, or the opposite.
The “mirage” component can have various effective equations of state. For a particular
bulk configuration it behaves like “mirage” dust, i.e. it is pressureless.
The overall picture that emerges from the models we studied here and in ref. [17] indi-
cates that the effects of the bulk on the cosmological evolution on the brane can go beyond
the presence of a “mirage” radiation component. The bulk energy density can drive the
expansion even for very dilute brane matter. Also the “mirage” effects can have several
forms, induced by the brane motion within various possible backgrounds: Schwarzschild-
AdS, Vaidya-AdS, Reissner-Nordstrom-AdS, star-AdS [17], various anisotropic fluids in
AdS etc. Energy exchange between the bulk and the brane is a common occurence.
Generically the cosmological evolution on the brane for low energy density is that of a
Friedmann-Robertson-Walker Universe with several novel features.
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